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Department of Mathematics, University of Assiut, Assiut 71516, Egypt
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Abstract. The aim of the present work is to derive exact expressions for the second and
third virial coefficients B{T) and C{T) for fluids of molecules interacting according to the
square-well potential of arbitrary well width and arbitrary dimensionality 4. General
expressions for the terms of the fourth virial coefficient DH{T), where D(T)=
D{T)+ D,(T)+ D4(T) are obtained when the width of the attractive well is equal to the
radius of the hard sphere. For d =3 and 1, the values of D, D, are analytically obtained,
whereas I; is computed numerically.

1. Introduction

The virial coeflicients B, C, D, . .. are defined as the coefficients in the equation of state
for fluids

P 2 3 4

KT—p+Bp +Cp '+ Dp*+. .. (1.1)
where P is the pressure, K is the Boltzmann constant, T is the absolute temperature
and p is the density.

For the square-well potential, the virial coefficients up to the third have been
calculated by Kihara [1] for the attractive well for all values of the range parameter
g (see equation (2.3)). The fourth virial coeflicient has been calculated for g=2 by
Katsura [2, 3] and Barker and Monaghan [4]. Hauge [5] gave expressions, valid for
arbitrary g, for the integrals contributing to the fourth virial coefficient.

In 4 dimensions, Luban and Baram [6] derived exact expressions for the third
virial coefficient and two of the three terms contributing to the fourth virial coefficient
for an assembly of hard hypersphere (d is arbitrary). Ree and Hoover [7] calculated
the fourth virial coefficient for a hard sphere (1 = d <9). Kreimer et al {8] calculated
the third virial coefficient for the Lennard-Jones potential (d =2, 3).

In this paper we use the method of Luban and Baram [6], which is based on
re-expressing the configuration multiple integrals as multiple integrals in k-space with
integrands involving products of Bessel functions and the method of Katsura [2, 3]
which is based on Fourier transforms and the addition theorem of Bessel functions,

2. Calculation of B(T) and C(T)

The second and third virial coefficients are given by

B(T)=-%Jf(r)dr (2.1)
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C(T)=_%J.f("l)f(fz)f(l"z_"l‘) dr dr, (2.2

where

f=exp(gg2) -1

and U{r) is the intermolecular potential between two molecules separated by a
distance r.
For the square-well potential, the function f(r) is given by

-1 r<o
FArn=1{r=exple/KT)—-1 F<r<go (2.3)
0 go<r

where & is the diameter of the hard sphere, g is the range of the attractive well and
£ is the well depth.

When the integrand of a d-dimensional integral possesses spherical symmetry [6],
we have

J‘ H(rdr=C,; j H(nri " dr (2.4)
[+]
whereas if H is a function of r and a single polar angle 8,
J H(r,8)dr=C,_, I = dr J H(r,6)sin? 2 8dé. (2.5)
0 0
The quantity C, is defined by
2md/2
_ ‘ 2.6
“ T (26)
The d-dimensional Fourier transform F,(k) of f{r) is defined by
Fi(k)= J f(ryexp(ik-r) dr
= J S(r) exp(ikr cos 8) dr. (2.7)
From (2.7), (2.5) and (2.3), we get
F,(k)= Cd_ll:_J‘ rtdr J exp(ikr cos 8) sin“ " 6 d¢
[i] 0
&, m
+f-|' ri ldr j exp(ikr cos ) sin® " @ d&]. (2.8)
o o
Using the following standard identities for Bessel functions,
2)" i .
J.(x) =';T"T,SCT/(:_"+"%_) L explix cos 8) sin®* 4 dé (Rev>—4) (2.9)
d ¥ (4
— (" L{(x))=x"J,_,(x) {(2.10)

dx
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we have

2 a/2
Wo-) [gdlzf-’d,fz(go’k)_(1+f)-’d/2(0'k)]- (2.11)

Fk)y=|——
J=(2
The calculation of B(T) is quite trivial. Using (2.1), (2.3) and (2.4), one obtains
C
B(T)=27 "1~ (g* - f]. (2.12)

To evaluate the multiple integral in (2.2), giving rise to C(T}, we replace the third
factor in the integrand by the Fourier representation

fry=2m)™ [ exp(—ik-r)F;(k) dk (2.13)
so that

C(T)=-32m)"" J (Eq(k)) dk. (2.14)
Substitution of (2.11) in (2.14) yields

C(T) = :30—“ (27) 20

x{[g*f* = (L + 1)1, = 3gF 1+ /) L+ 38" f(1+ £)* L} (2.15)
where

x=ok

I = m(-’d,fz(x))sx—(Hdm dx

I,= Ud/z(gx))z(-]afz(x))x_(Hdu}dx
0

[ oo

I,= (-]d/z(gx))(fd,'z(x))zx_(Hdmdx
0

where I, is given as in Luban and Baram [6].
The integrals I, and I, can be expressed using the following standard formula ([9],
p 231, equation (21)),

J U (bx)J, (bx M, (ex) dx

L+]

vr+a-—1
_2-ZCI—HF 2
T b 14p—A 1+A—p r+i-a
2 2 2

o F(I—A—,u I+A—p 1-A+u I+a+pu

4f3 2 ) 2 L] 2 ’ 2 !
l, 3_(1_1/’3‘*(1""]); Ci)_‘_zw—lb—(r—hcu

2 2 2 4b-
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a+A+utrp
1—-a-v, 5
xT +A+a+ A A
M oty p—A—a—v —h—a—v
1+ R , ,
2 5 5 1+w»
(a+v—p—A atv—pu+i atvtpu—-A atv+pta
X4F3 ] 1 ) 3
2 2 2 2
1+a+v atrv Cj
X, ,l+l’;_—2
2 2 4b
v+ o
2“"02-“(u+)\)r 21
— = ~ i _
H l\,)t p',2+y a
2 2 2
mtA A—p m—A Mt A
Fil1- 1+ + + :
X4 3( 7 5 . 1 2 | 7
3 v+a v—a C?
=, 22— 22—, — .
> 7 3 ,4b) (2.16)
which applies as long as (0<c<2b; —Re(p +v+A)<Re a <3). Thus we have
[ o () (l—d 11 1+d 1 3 3+d __1_)
PTG T(G+d)/DT N 2 T272 2 022 2 Cag?
27U df2 d d 1 d 1
—.(—/2)4 3(__:()’0,_; _3051+_;_2)
[T(1+4d/2)] 2 2°2 2’ 4g
i@/ g I'(-1)
+
g8 (I(0)T(2+d/2)
d d3 d 1
—o L L I+232,2,24 55— 217
x4F3(1 2,1,1,1 243 3 43) ( )

The function is usually referred to as a generalized hypergeometric function, where
the function ,F; is the usual hypergeometric function which admits the power series
representation of the general form

+Fiay, a3, a5, a3 By, By, By; x)

= (al)n(az)n(al)n(a:t)nxn

n=0 "!(BI)H(BZ)H(B:i)n
It must be noted that, in the above function, when the number of «,s which are equal
to zero is more than the number of B;s which are equal to zero, then ,F;=1. When
«; = B;, for any i, j, ,F, becomes equal to ;F,. When zero or negative integer occurs
in the denominator of the constant factor of any term containing ,F;, then this must
be equal to zero. Using the above properties of ,F;, and the properties of a gamma
function ([10], vol 1, pp 3, 4, equations (1), (10)) we get
[ F(l—d 11+d 3 3+d 1 )
2 gﬂ_l,’?.l—‘((3+d)/2)3 2 2 12: 2 ’2; 2 ;432
241-d/2)

+d2r(d/2)

{|x|<1). (2.18)

for0.5=g (2.19)
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Also, using (2.16), we have

(g d/2 2 1
I—‘_(E) dT(d/2) =/T((3+d)/2)

- 2
><3F2(1 d,1,1+d;§’3+d;g_)
27202 72 2 74

for g=2. (2.20)
For g =2, we use the following standard formula ([9], p 231, equation (20)),

J’“’ x“_]JA(bx)Jp(bx)J,,(cx) dx

o

at+tutA+v
=2a—1b;.¢+.hc—a—,u.—)«l—v 2
voa—-p—A

14, 14A, 1+ 5

+ut+A—v atput+itr 1+a+A +A
X4F3(a ‘uz Vsa uz V, ,; 11+#2 :

4b’
X1+p+A,1+u,1+A,—
c

which applies as long as (0<2b < c; —Re{s + v+ A) Re a <3). Then

_2(2g)~""?
3= 4T(d)2) (2.21)
From (2.20) and (2.21), we have
-d/2
2(22g) g=2
dT(d/2)
L= 5 (g)d,fz_ (g/z)d,f2+1
dr(d/2)\2 T3+ d)/2)
1—d 1 1+d 3 3+d gz)
F. S5, =2, :
xJ 2( 2 12’ 2 »2’ 2 ’4 8<2 (222)

Substituting (2.16), (2.19) and (2.20) into (2.15), we get

(D _ 3_2“[_; (ll;dél)]

b —2{[(1+f) g1 B(%’(Hd)/z)zF. > 7 731
~ 28?7 FFL+ ) (l—dl 1+d_ 3 3+d.L)
(d+DBE, (1+d)/2)>" 3\ 2 720 2 772 2 T4t

zdgd-H
{(d+1)B(L,(1+d)/2)

1-d 1 1+d 3 3+d g’
X3F, 3 i M l=g=2

-2 g SA+1Y

2’2" 2 2 2 ' 4
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_ s g P (1 };d.é.l)]
2{[“”) g “[' st a+arn T\ 30

AU (12 ] 13 340 L
(d+1)BG, (1+d)/2)7° 202 2 2 Cagt
—2f(1+f)[1—(g"~1)f]} g=2 (2.23)
where
Ud
b=§cd (2.24)

is the value of the second virial coefficient of the hard hypersphere.

For odd integer dimensionalities, each of the hypergeometric series in (2.23)
terminates after {d + 1}/2 terms. For even-integer dimensionalities, each of the hyper-
geometric series in (2.23) does not terminate.

If d =2N (see [6]), we have

1 11-d3 1
2[1 B(z,(1+d)/2)2F1( 2 2 4)]

3 N=1f2
—g*m( ) P, N+1 3 DN (2.25)

where the subscript on ,F; denotes the parital sum of the first N terms of the infinite
series of ,F,. For N =0 this partial sum is zero.

Thus, for even integer dimensionalities, we oblain
C(T) N! 3 12
=[(1+fY -2*Nf° ]( m(z) JF{L N+ 350w
B 8Ng“f(1+f) (1—2Nl 1+2N 3 3+2N‘L)
g2N+DBE, (1+2N)/2)* 2\ 2 27 2 2 2 4g?

8Ng2N+l
(2N+1)B{}, (1+2N)/2)

F(1—2N1 1+2N 3 3+2N_§j)
302 2 1y 2 N 2 )

N E TN SA+fY

{ 11/2
R e 1 ¢ A ELCR AR O

ﬂ'l'IZI‘(N-i-%)
_ 8Ng" ' +1) (1—2N1 1+2N 3 3+2N.L)
CN+DBL, (1+2N)2° 7\ 2 2 2 'Y 2 Cag
—4f(1+ 1 -(g* - 1f] g=2 (2.26)

For non-integral values of d, the hypergeometric series in (2.23) can be easily evaluated
on a computer, since these converge very rapidly.

In table 1 we have listed closed-form results of T)/ b for assorted odd-integer
dimensionalities d and numerical results with good approximations for even-integer
dimensionalities d. It is interesting to observe that alf of the first terms of our results
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Table 1. The values of C(T}/b? for g =2 for assorted integer dimensionalities.

c(T)
d 5
4
0 -
3
1 r—f+2f?
4 3
2 Planie 1.653 98+ 6.972f7 — 13,1041
™
1
3 §J(5w]7f+136f2—162f3)
4 33 2 .
4 5—2——2.486 94 +40.743 471% — 86,023
o
1
3 > (53—353f+93165%—445 50")
4 943
6 5—5——2.97717f+14l.7718f2—1253.6065f’
k3
1
7 5% (289 — 32297+ 328 416 — 440 30421%)
4 2793
8 — == 32961+ 517.694 982 —~ 148 89,327/
3 140w
1
9 E(sm— 111 833F+ 321 663 177 — 164 884 490/)

295

for odd- and even-integer dimensionalities d, which are the values corresponding to
the hard hyperspheres, are the same as those obtained by Luban and Baram [6].

3. The fourth virial coefficient for the square-well potential

3.1. Calculation of D\(T)

It is well known that the fourth virial coefficient D(T) is given by

where

D(T)=-}
Dy(T)=-}
Dy(T)=—3

o

&

D(T)=D(T)+Dy(T)+ Dy(T)

f(":)f(fz)f(l"s“ rzl)f(l"l _rsl) dr dr,dr;

f(rl)f(r2)f(r3)f(|rl _rzl)f(l"z" "3|) dr, dr, dr,

po

f("l)f("'z)f("s)f(l"l—le)f(l"z_"3')

Xf("‘j_rll) dr] dl’zdh.

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)
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To evaluate the multiple integral in (3.1.2) giving D,(T), we replace the third and
fourth factors in the integrand representation, so that

D(T)= —%(Zw)‘”([” Sr)fry) exp(ik-r,—ik-"r)) dr, d"z]
X {J‘ exp[—ir-(k— k)] dr; F;(k)F, (k') dk dk'})

= —%(217)_2"“-‘[ (Fay (k) (Fy(k')?8(|k — k']) dk dk’} (3.1.5)
where 8(a—b) is the Dirac 5-function. Then
Dy(T)=—§(2m)™" J (Fa(k))* dk.
Using (2.4), we get

o0

Di(T)=-32=)9C, I (Fa (k)K" dk. (3.1.6)
Inserting (2.11), when g =2 for F;(k), in (3.1.6),
D(T)=-32m*C, j [2472 11, 620k) — (1+ £ )4 o(ok) PR dk. (3.1.7)

Using (2.24) and (2.6), we have

2 foo
D'b(BT)=—3d2“(l“(g+1)) j (2% flay(2%) = (14 ) daal0) P27 dx
a

=-342¢ [r(g+ 1)] {2”}"" r (Ja2(2x))*2x) Y d(2x)
]

o

—4x 23d"2f3(1 +f) j (14/2(2):))3(]dl,2(x))x_("+1) dx

Q

o0

+3x 277 1+ f)? J (Ja2(2%0) (g o)) °x 74" dx

"zdﬂuf(l +f)3 J.00 (Jd/z(zx))(dez(x))Sx_(d+') dx

[=«]

+(1+f)4j (Jayja(x)) %770 dx}- (3.1.8)

i)

From [6], we have

[ (st ax = r (Jaa2X)Y'(@%) " d(2x)

-0 )

2 T(d/2)[(d) (1 1-d d+3 d+3 )

T 37 F(3d/2)(T((d +3)/2) "2 pLb T
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Thus,

D(T)__ ( (gl ))[ I(d/2)T(d) .
b’ 3d2 r 2+1 3171“(3d/2)(1“((a'+3)/2))2[2 S+

1-d d+3 d+
. 3 3; 1)_23d/2+1f3(1+f)

1
X3F| =, 1
32(2912:2!2

f* oo

X (dez(zx))3(]d’,2(x))x‘('“'” dx"‘3[2df2(1 +f)2]

o

{* oo

| X (dez(zx))2(de2(x))2xk(d+1) dx _2d'/2+1f(1 +fy
0

o

X (Jd,fz(Zx))(dez(x))Bx_(“')dxj|. (3.1.9)

Y0

For d =3 we have
Pﬂ—) = —5(544 — 4075 ~350 07 —996 877+ 139 215/* 3.1.10
b | = /—35007f =996 877 ) (3.1.10)

which was obtained by Katsura [2].
To evaluate the integrals in (3.1.9), when d =1, we use the standard identity for a
Bessel function,

2 1/2
J,,z(x)=(—) sin X. (3.1.11)
X
Then

Dy(T 2 a 8
[%L=l=—3w(3—;[8f FAH)T-2 P4
x oo(sin 2x)*(sin x)x* dx +:r_22 fFa+f)?

# O

X oo(sin 2x)%(sin x)*x~* dx—-§-2-f(l+f)3

40 w

X c’o(sin 2x)(sin xP*x ™% dx). (3.1.12)

V0

Using the following standard identities ([11], p 451, equations (10), (12)),

® 9b
J (sin ax)*(sin 3bx)x~* dx=T7r(a2—b2) (3b=a)
[i]
w 3 3
zE[Sa —-%a—-b)] (a=<3b=<3a)
oo b2
J (sin ax)*(sin bx)*x™* dx=fg—(3a—b) (0=h=a)
O

one finds that

[DI(T)

e ]d=l=—%(4—7f+15f2—3f3+3f4)- (3.1.13)
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The first term, —2, which is the value that corresponds to the hard sphere, agrees with
that obatined by Luban and Baram [6].

3.2. Caleulation of D,(T)

Applying the Fourier transformation to the fourth and fifth factors in the integrand
of (3.1.3), we get

Dy(T) = —%(217)_2"{[’[[_'.[ Sr)f () explik- ry—ik'-r;) dr, d":}

X [J’ Fr)explir)|k'—k|) drz:l Fy(k)F, (k") dk dk']. (3.2.1)

Integration (2.7), (2.3) for f(r) when g =2, and using (2.4) for the integration over r,
in (3.2.1), then

o

DyT)= —%(217)2“(:,,{—[ [(Fy(k))* exp(ik-#) dk]?r? " dr+f

0

X er [J (F,(k))* exp{ik-r) dk:lzrd_l dr}. (3.2.2)

i

Using (2.6} and (2.5) for the integration over k, we obtain

w3 Q2L mid/2)

[(d/2)(T((d~1)/2))?
L.
0

wr [T v an

o 0

D,(T}=

o0 T 2
J k' dk _[ (F;{k))?sin’~? 8 exp(ikr cos 6) de] ol dr

L] ]

o

T M2 hY
xJ sin®™? @ exp(ikr cos @) dGJ ri! dr}. (3.2.3)
0

Using (2.9) for the integration over 8 and inserting (2.11) for F,(k) when g =2, putting
r=ay, k=x/c and using (2.24}), we obtain

M-_ d+1 ‘_i ’ _ ] (3d-2)/2 p2
- saz (r(fen) - [

(* 00

X (Jd/2(2x))2(-]d/2—l(yx))(zx)W‘”Z d(2x) _2d'lz+|f(l +f)

[ oo

X Jd,2(2x)1df2(x)1(d,2,q(yx)x_‘”z dx+(1+)?

J O

oo 2

X | (Jayo(%)Y(Jajamr (px))x~42 dx] ydy+f J.l[ ¥y dy}- (3.2.4)

o

where the contents of the second square bracket are the same as that in the first one.
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From [6] and equation (3.2.4), we obtain
D,(T) d+l( (d ))2( J‘I{ ydjz_l
=-3d2°"|I|-+1 —| 29—
b’ 2 0 S r{d/2+1)

__yI(d/2+1) (1 l_d_3_y)]
x[l 2"2F((d+1)/2)2F‘ 2 '2°16

+(1+f)2_._._lii.2_:_...__
2921 (d /2 4+1)

1, yI'id/2+1) ll_diy_ __ad/2+1
[1 rr”zl“((d+1)/2)2F'(2 7 7 )] 2

16
XJ T 12250 Ta () ey (px)x ™72 dx} ydy

0

fJ [ ]ydy) (3.2.5)

The last integral inside the first square bracket in (3.2.5) can be expressed by using
the following standard formula ({11}, p 695, equation (4)):

A—p—v—1

AT+ 1)(r+1)
which applies as long as Re A >0, Re(A~p—v)<3, ¢>b>0,0<a<c—b Thus

J’ x* T (ax), (bx)Jy (ex) dx =

o d/2—1
- b4
L x dﬂfd/z(x)-’wz)—x(yx)J.:/z(Zx)dx=m O<y<l. (3.2.6)

Substitution of (3.2.6) into (3.2.5) yields
Dy(T) g 2[ yI(d/2+1) (1 1-d 3 y )] 5
b’ ‘6b(J‘o {2;‘ 2w”2r((d+1)/2)2F‘ 2 ’2°16 +A+7)

_ yT(d/2+1) (1 1-d 3 y)] } det
[' s\ T )| TR ay

—zd(r(gﬂ))zfj‘lz{. ot .—2‘”2*‘f(1+f)1}2y dy) (3.2.7)

where the first and second terms of the second set of braces are the same as those in
the first set of braces and I is given by

I= J jd/z(zx)-]d,’z(x)-](dﬂ)-l(yx)x_dﬂ dx 1=sy=2
0

The value of the preceeding integral is obtained (see the appendix) with the result for
v>0 of

Jw J(2x) ()], (px)x™" dx

0

(10y —yt—9)2/2

TaFd 2 172172
2“1)"’ /

[ Pl ¢:\ﬂ(yl2 3)+ 2(r+2P—l u(y +3)]
2y 4y

—a B 5§ 2 . 2_1
S R B

(10y*-y*-9)'/?
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where o ={(2v—3)/2 and P, (x) is the Legendre function of degree » and order & of
the first kind.
Substituting (3.2.8) into (3.2.7) we obtain

Dy(T) g 2[ yr{d/2+1) (1 1_.2 Y_)}
b’ _6d(f0{2f 27 AT(d A1)/ T N2 2716 (1+f)?

2
oy (1 1-d 3 y_)] } s
x[l STdr 2\ 3 i) | TH ) dy

_ d+1 f : (d/2)+1 g2 J’(d'm‘]
3427 (F(zﬂ)) J {2 T ar@rn

_ yF(d/2+l) 1 l_d 3 y —-d/2 2
X[l 2w‘f2r((d+1)/2)2F‘( IPEX 16)]+2 1+

pld/a-t [1 yI(d/2+1) F(l 1-d 3 y)jl

T2+l " 7@+ 122 \2' 2 274
2(1 (d/2)) ies
d2 1/2 1/2(10J’ .V 9)( Wf(l'*‘f)

2
3 +3
x{[dpﬁ,:‘;;jg(y—)+d2“+”/2p“ *”/z(y )]
2y 4y
-3 % (3—-d)/2
x (10y%— y* 9 ”2-8P(3:"’”2(y—)+8( )
(10y" -y ) (d-33/2 2y 5

. 5_ 2 2
<)) v 629)

To calculate the values of D,(T)/b" for d =3 and 1, we use the properties of the
Legendre function (see [12]) and of the hypergeometric function , F,. Then, we have

DAT
[—2(3 )] = —Ae(—6347 +273 691 ~ 184 156>
d=3

+594 271 — 151 89801 * + 918 540f°). (3.2.10)

This result is the same as that obtained by Katsura [2],

[DZ(T)

E ]d=l=%(7—9f+36f2—184f3—292f“-112f5). (3.2.11)

The first term, 2, which is the value corresponding to the hard sphere, agrees with that
obtained by Luban and Baram [6].

3.3. Calculation of Di(T)

Applying the Fourier transformation to the fourth, fifth and sixth factors in the integrand
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of (3.1.4), we get

Dy(T)=—3(27) 7" j---jf(r;)f(rz)f(ra)

xexp{i[r,-(k—k") +ry- (K'—k)+ry (K"~ K')]}
x Fy(k)F (k')F;(k"y dk dk’ dk”

=—§(2m)7 JIJ Fa(k)Fa (k') Fa(K") Fa (|l — k"))

x Fy([k' — k|}Fo([k"~ &) dk dk’ d&”. (3.3.1)
Inserting (2.11) for F,(k), we obtain
Dy(T}= —30 ra +f)"‘(_2df)n21d/z(aa, a, a;; a4, @s, @) (3.3.2)

dy...04
where

I2(a,, ax, a5 a,, a5, a,)

= JIJ hd/z(alx)hd,fz(azx’)hd,lz(ax")hdfz(a*llx _x"|)hd/2(as|x"‘x|)

X hapfaglx” —x'|) dx dx'x” (3.3.3)
Jys(t ’
hy (1) =~ d;/dz,f(z) ok=x ok’ =x' ok"=x",

The summation in (3.3.2) is taken over all combinations {a,, ..., as} where a, takes
the values 1, 2 amounting to 2= 64 terms, n, and n, represent the number of a; which
take the values 1 and 2, respectively, (n,+n,=16):

Dy(T)=—4* {1+ L(1, 1, 1; 1,1, D) =31+ F Y2y 2(2, 1,15 1,1, 1)
+ L1, 1,152, 1, 14301+ Y42 1.,2(1, 2,2, 1,1, 1)
+ L1, 1,151,2,2)420,5(2,1,15, 1,2, 1)+ 1,,2(2,1, 15 2, 1, 1]
— (2 Y 11, 1,15 2,2,2) +31,,5(1,2,2; 2,1, 1)
+61,,5(2,1,1;2,1,2)+61,,5(1,2,2;1,2,1)+31,,2(2,1,1; 1,2, 2)
+1,5(2,2, 2,1, 1, D]+ 300+ )21 1,501, 2,2, 1,2,2)
+2052(1,2,2; 2, L, D)+ 1,,5(2,2,2; 2,1, 1)
+1,5(2,1,1;2,2,2)1-301+ UV 1,22,2,2,1,2,2)
+1,,5(1,2,2;2,2,2)1+290)°1,,2(2, 2,2, 2,2, )} (3.3.4)

To decompose hd/Z(a|x—x’) in (3.3.3), we use the addition theorem of the Bessel
function ([10], vol TI, p 101, equation (30)):

w™*J(w) =(32Z) ™ T(p) gﬂ (e +n)Ch(cos @), sn(2)Jyr(Z)

,u?é(),—l,-2,...,
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where w=(z"+Z*—-2zZ cos ¢)"?, and C%(z) is Gegenbauer’s polynomial ([10], vol
1, p 175, equation (4)), which is defined by

D(n+20)P (e 1)
n(2u)

C;‘(z)=2““”( )(zz—1)‘f’“‘“2PL¢:’~,ﬁ,,z(Z). (3.3.5)

Then
- hd',tz(alx “x’|)

_Japla(x®+x7 —2xx’ cos #)1'?
[a(x®+ x?—2xx" cos »)]4/?

- (2)"’21“(;) Z, (§+ ") J(df(zc}::c;’jﬁ(c()zid;i(/gx) Co%(cos v) (3.3.6)

where » is the angle between x and x'. Substituting (3.3.6) into (3.3.3) we get

Id/‘2(ala az, 43 24, 4s, a)

3
- [(2)d*’2r(§ )] (yazas) " (ayasas)

<5 5,5 G Gem)(5en)
1=0 m=0 r=0 2 2
X IJ‘J‘ Jarayx)dyg o(ax Vg {asx" Va2 @ax ) asi(asx”)

X Jeainem(@sX" W a4 m{@sX) T 4 2y n{ @6 X ) T a2 00 86X7)
x C#?*(cos ¥)C%*(cos v)C*(cos v")
% (x)*3d/2(xr)73d,"2(xu)—3:1',"2 dx dxr dx" (3.3.7)

where », v/, »" are the angles between x and x’', X’ and x", x” and x, respectively.
Using (2.25), equation {3.3.2) becomes

Dy(T d’
%z _(a) E (1+f)"'(_2df)"uld,'2(al, az, a3, d,, ds, ag). (3.3.8)

The polar coordinates of x, x’ and x” are denoted by (x, &', B), (x', ', B'") and
(x", «”, B"), respectively, their solid angle elements are denoted by d}, dQ' and d{}",
respectively (d{) =sin o da dB). Then for d =3,

Ly(a,, ay, ay; as, as, ag)

o0

= Q) amas)  Haasa) > 5 L L GHD

[=0 m=0n=0
X (%-l-m) %'*' n) J. . J'-’3/2(013‘)-’3/2(“23")-’3/2(asx")

X Ji3jye 1 @aX ) 3200 @aX V3210 m{BsX Wiz p2) - m{ @sX)
X Ji372y0n (6% ) Ji3 2140 (@6X") C* ¥ (c0s ) C 3% (cos v')
x C¥%(cos »")(x) V2(x') "M x") "5 dx dx dx" dQ Q' A" (3.3.9)

where dx dQ = x"* dx and cos v = cos & cos e’ +sin « sin a' cos (B — B'), etc.
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Equation (3.3.9) is equivalent to (2.17) in Katsura’s paper [2]. Applying his tech-
nique used in [3], we obtain the same results. It may be noted that

DT
[,,;,(___)] = —$(1.266 904 — 3.7325f + 15.1051 > — 74.283f°
d=3

+157.64f*~294.65°+101.97f°). (3.3.10)

The values of D,(T), D,(T) and D,(T) obtained in {3.1.10), (3.2.10) and (3.3.10} can
be used to evaluate the fourth virial coefficient D{ T), given by (3.1), which is found
to agree with Katsura [3], as follows,

[D( T)
b3

] =0.286 95+ 1.6342f —23.294 1+ 54.648f + 70.754*
d=3

—168.20f5——12.747f(’. (3.3.11)
For d =1, (3.3.7) becomes
11/2(‘11 , @y, (3 8y, Os, Qg)

= 8(“1“203)_'/2(%“5“6)“1 E,: ¥y (% + I)(%’*’ m}(%-‘r n)

X Nmn(al » s, aﬁ)Nln(aZs a,, aﬁ)Mm(aSa dy, aS) (3'3-12)

where

oo

Nm,,(a, b, C):(ZW)II'ZJ‘ 11/2(a;x).]t/2+m(ajx).’1/2+"(akx)x_l’z dx- (3.3.13)

0

The triple sum in (3.3.12} indicates summation over /, m and n, where [ m, n are zero,
all positive even integers, and all positive odd integers.

The necessary integrals of N, (a;, a;, a;) can be calculated by using N,.(a, b, b)
given by (3.3.13) for a, b=1,2. These integrals are calculated one by one. In the
numerical calculation, we truncate the triple infinite summation T}, ¥’ , ¥} to the
finite summation in which (I, m, n} is taken to be {0, 0,0}, (0,0, 2), (0,2,2), (0,0, 4),
(2,2,2), (1,1,1), (1,1, 3), (1,3, 3), and their permutations. These values are listed in
table 2. Then we have

DT
[’515(?'1] =—(0.481 68+2.927 82f+7.772 11£>—38.009 785>
d=1
~125.470 66/* ~ 137.008 341 ° — 51.538 97f°). (3.3.14)

Hence by using (3.1.13), (3.2.11) and (3.3.14), we get

[D(T)
b3

] =1.018 32 -3.9282f+2.727 89f2-52.490 22f7—22.029 34f4
d=1 '

+81.008 34f°—51.538 97/°. (3.3.15)
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Table 2. The vatues of N, (a, b, ¢}, a, b, c=1o0r 2.

a b, e LLL 2,0 1,22 2,2,2 1,2,1 21,2 ,1,2 2,21
00 5 4 b) 4 4
N 1 0 423 V2 V2 93 V2 293
2 30 512 80 20 20 480 20 20 480
N 1 o s V2 0 1 0 Ed
o 8 16 8 16 16
02 3 16 8 16 16
N i, o 2 o L o
0 48 256 48 96 256
N, 1 0 27 V2 0 27 0 1
o 48 256 4% 256 96
27 5v2 NG 13 2 13
Ni - 0 = e = - v
24 64 24 6 96 6 96
N -19 o 15057 -19+32 2 1093 2 1093
33 896 229 376 896 56 114 688 56 114 688
N 1 -2 371 V2 0 —45 Vi 125
u 48 12 12 288 48 . 256 24 6144
N 1 -2 371 V2 V2 125 0 —45
* 48 T 12 288 48 24 6144 256
Appendix
This appendix is devoted to the evaluation of the integral
o0
I=J. J.(2x) 1 (x} ., (yx)x™" dx 1sy<s2, (Al)

0

Applying the recurrence formula for the Bessel function ([10], vol II, p 12, equation

(56))
L(x) =2 J,_ () + T ()
v

to the first and second factors in (A1), we get

oo

(A2)

! =5% (I T}, (2200, o (yx)x™" dx+j oy ()41 (220, (%)™ dx
0

0

+J. Ju+1(x)-,u—l(2x)]v—l(yx)xz_p dx

0

+ r Joad M er (23 ()X clx).

0

{A3)
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Applying (A2) to the second and third integrals in (A3), we obtain

o0

I =$(V J Jo (), 20, (y2)x' ™ dx_J Jo sy (2 W,y () X2 dx

0 0

+2u J. LX), (2x) T, (yx)x' ™ dx

+lev+,(x)1y+,(2x)} a0)x* dx). (A4)
0

The four integrals in (A4) can be obtained from the standard formula ([11], p 695,
equation (9.8))

oo b v—1
J JM(ax)JM(bx)J,,(cx)x""dx=(§:r)—)mc,,sin””2 VP2 % (cos V)
[}

which applies as long as ((a—b|<c,a+b; a, b>0,2abcosv=a’+b*~c*; Re u> -1,

Re v > —1).
Therefore,
(10y° —y* =92 cenf -3
I= FReTT 1T 173 (10y2__y4_,9)1/2 vPy! __é;___
2 —or _ .2
e ()l e )
4y 2 4
y' =3
‘4PZ“( )} (AS)
2y

where a =(2r—3)/2.
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